multistage turbomachines.
A steady averaging-plane approach was used to pass information between blade rows. Characteristic boundary conditions written in terms of perturbations about the mean flow from the neighboring blade row were used to allow close spacing between the blade rows without forcing the flow to be axisymmetric.
In this report the multiblock code is described briefly and the characteristic boundary conditions and the averaging-plane implementation are described in detail. Two approaches for averaging the flow properties are also described. A two-dimensional turbine stator case was used to compare the characteristic boundary conditions with standard axisymmetric boundary conditions. Differences were apparent but small in this low-speed case. The two-stage fuel turbine used on the space shuttle main engines was then analyzed using a three-dimensional averaging-plane swirl, and often include many stages to do more work than could be accomplished with a single blade row.
Several methods exist for analyzing flows in multistage turbomachinery. They include the following: 1.
successive analysis of isolated blade rows, 2. averagingplane methods, 3, the average-passage method, and 4. full unsteady methods. Each method has advantages but also introduces modeling issues, as discussed below.
Successive Analysis of Isolated Blade Rows
Given an analysis code for an isolated blade row, it is tempting to simulate multistage turbomachinery by analyzing successive blade rows from inlet to exit, using average flow properties from the exit of one blade row as inlet boundary conditions for the next. This method is simple, but it introduces many modeling issues. First, since blade rows are often closely spaced, it is unclear how far to extend the computational grid for each blade row, and whether it is reasonable to overlap grids. Second, many numerical boundary conditions are not wellbehaved when applied too close to a blade. Third, average flow properties are not well-defined [1] . Since flow properties are related nonlinearly, it is impossible to define an average state that maintains all the original properties of the three-dimensional flow. Fourth, for subsonic flow, the inlet velocity profile and massflow develop as part of the solution. Although it may be possible to match the overall massflow by iterating on the imposed back pressure, it is generally not possible to match the spanwise distributions of properties between the blade rows. Finally, the method ignores physical processes such as wake mixing and migration, acoustic interaction, and other unsteady effects that may be important in real turbomachinery.
Many researchers have used successive analysis of isolated blade rows to model multistage turbomachines.
Boyle and Giel used this method to analyze the fuel turbine of the space shuttle main engine (SSME) [2] . This turbine was also analyzed in the present work.
Averaging-Plane Methods
Averaging-plane methods solve all blade rows simultaneously, exchanging spanwise distributions of 1 American Institute of Aeronautics and Astronautics averaged flow quantities at a common grid interface between the blade rows. These methods have the advantage of maintaining spanwise consistency between blade rows, but share the modeling issues of boundary condition implementation, averaging techniques, and missing physics with the successive analysis method. Since averaging-plane methods often use mixed-out averages, they are commonly referred to as mixing-plane methods. The current work is independent of the averaging technique, so the term averaging-plane will be used.
Averaging-plane methods were introduced simultaneously by Denton [3] and Dawes [4] , and have been used by many other researchers [5 -9] . In spite of the possibility of missing physics in these analyses, many have shown excellent agreement with experimental data.
Average-Passage Method
The average-passage method was developed by [10 -12] , and by Rhie et al. [13] and LaJambre et al. [14] for turbine design, but because of its complexity it has not been widely used by others. Recently Hall has described an algebraic method for adding some of the averagepassage terms to an averaging-plane analysis [6, 7] .
Full Unsteady Methods
Full unsteady methods, pioneered by Rai [15] , involve direct solution of unsteady rotor-stator interaction. These methods presumably avoid all modeling questions except for turbulence, and are often used to validate other steady models [ 1, 6, 9, 16] In [17] Giles presented a unified theory for the con- Reference [17] also describes higher-order two-dimensional boundary conditions, but these were not used in the present work.
Giles demonstrated that his boundary conditions allowed inlet and exit boundaries to be placed very close to turbine blades with no loss of accuracy [17] . Saxer and Giles applied these boundary conditions to an inviscid, three-dimensional solution for a transonic turbine stage [9] . They demonstrated good agreement in blade pressures between a full unsteady solution and an averaging-plane solution. Arnone applied Giles' boundary conditions to a quasi-three-dimensional viscous simulation of a transonic compressor stage [ 16] . He compared a full unsteady solution with an averaging-plane solution and showed close agreement in predicted pressure ratios and efficiencies between the two.
Present Work
In the present work an improved averaging-plane method for three-dimensional viscous flows in turboma- 
SWIFT Code
The SWIFT turbomachinery analysis code is a multiblock version of the single-block An explicit, four-stage Runge-Kutta scheme [22] was used to solve the flow equations. Conservative fourth-difference artificial dissipation terms were added to control point decoupling.
(Second-difference terms were not needed for the subsonic flow considered here.)
Eigenvalue
scaling [23] was used to scale the artificial dissipation directionally on the highly stretched grids.
The artificial dissipation was also reduced linearly with grid index near solid surfaces (typically by a factor of 0.05 at the wall) to minimize effects on wall heat transfer. Artificial and physical dissipation terms were computed at the first and second stages to improve numerical smoothing
properties.
The Cebeci-Smith turbulence model was used, with all boundary layers assumed to be fully turbulent.
Equation (!) can be inverted to give:
In equations (!) and (2) Ci are characteristic variables corresponding to an entropy wave, a downstreamrunning pressure wave, two vorticity waves, and an upstream-running pressure wave. Here also p is the density, p is the pressure, c is the speed of sound, and vx, v 0,
and v r are velocity components. Overbars refer to average conditions to be defined later, and the coefficient matrices are evaluated at those average conditions.
Inlet Boundary Condition
For subsonic flow at an inlet boundary, the four incoming characteristics Clthrough C4 = 0 and the out- Substituting CIthrough C4 = 0 and C5 = Cse x into equation (2) gives:
where the subscript ( ),x implies extrapolation from the interior. Equations (3) 
Exit Boundary Condition
For subsonic flow at an exit boundary the incoming characteristic C5 = 0 and four outgoing characteristics C_through C4 are extrapolated from the interior. Substituting values for Ci into equation (2) gives: 
Equation (5) works well for inviscid flows, including cases with oblique shocks crossing the exit boundary. It was used for the three-dimensional multistage turbine results shown later. After those results were computed it was discovered that equation (5) 
Mixed-Out Average
Saxer and Giles used a stream-thrust flux-average (also known as a mixed-out average) to conserve mass, momentum, and energy [9] . A similar averaging technique was used by Denton in [3] . The mixed-out average When a mixed-out average is used at an exit boundary at which the static pressure has been specified, the average pressure will be less than or equal to the speci- 
Computational Grid
Grids were generated for each blade separately using the TCGRID turbomachinery grid code, which is described briefly in [20] . The code generated C-type blade-to-blade grids at a few spanwise locations using an elliptic grid generator. The C-grids were then reclustered spanwise using a hyperbolic tangent clustering
function. An H-grid was generated upstream of the first stator using transfinite interpolation. O-grids were generated algebraically in the tip clearance region above the two rotors. Grid generation took about one minute per blade row on an SGI workstation with an R4000 processor. Individual grids for each blade were then combined with utility code such that each grid overlapped its neighbor by one cell.
A three-dimensional view of the grid is shown in figure 2 . The figure is slightly larger than the actual turbine. The O-grids above the rotor tips can be seen. A meridional projection of the grid is shown in figure 3 .
For clearance during assembly the trailing edge of stator 1 is cut back over roughly one-third of the span. The cut-back length varies around the wheel, so a nominal length was used here. There is also a step increase in the annulus area between the stages. The precise geometry of the step was unknown, so it was spline-fit arbitrarily between the known radii. Grid sizes are given in table 1.
The nominal initial grid spacings in turbulent wall units were y+ = 2.5 on the blades, y+ = 3.5 on the endwalls, and y+ = 7.0 on the rotor tips.
Effects of Boundary Conditions
The effects of the characteristic boundary conditions were investigated using two-dimensional calculations of the mid-span section of the first stator. The grid was extracted directly from the multiblock grid described earlier. The exit boundary was located about 0.13 chord lengths downstream axially. Calculations were made using the quasi-three dimensional analysis code described in [ 1] .
Three exit boundary conditions were investigated, and the resulting pressure contours are shown in figure   4 . The contour increment is Ap/Poin = 0.001.
The solution on the left used a constant-pressure exit boundary condition, as commonly used in averaging-plane analyses. The pressure field near the exit is distorted in com- The solution on the right used the modified characteristic exit boundary condition given by equation (6) . The pressure field near the exit is smooth and the contours cross the boundary cleanly.
The three solutions have identical average static pressures P/Po = 0.86 at the exit. The surface pressure distribution resulting from the constant-pressure boundary condition is slightly different than the other two solutions on the uncovered part of the suction surface, but the differences are small in this low-speed flow. In transonic cases the differences can be dramatic, as
shown by Saxer and Giles [9] . The three solutions had virtually identical convergence behaviors even though the characteristic boundary conditions were designed to transmit outgoing waves and thereby enhance convergence to a steady state.
Multistage

Turbine Results
The multistage turbine was analyzed using the SWIFT code. Boundary conditions were specified to simulate the low-Reynolds number test recorded as run number 12 in reference [25] . At the inlet boundary the total temperature was set to a constant and a total pressure profile was set to produce turbulent boundary layers that were eight percent span thick at the hub and tip. The upstream-running Riemann-invariant was extrapolated from the interior to the inlet, and the primitive variables were calculated as described in [20] . At the exit, the hub static pressure ratio was set to 0.65 to match experimental measurements given in [26] , simple radial equilibrium was solved for the mean pressure distribution, and equation (5) average. The overall error is less than one percent, but there is a significant jump at each averaging plane.
Although the averaging scheme conserves mass, the characteristic boundary conditions allow the solution to vary around the specified averages and the result is not perfectly conservative.
The fact that the mass flow increases at each averaging plane appears to be coincidental since other cases have shown decreases at the averaging planes. The solid line shows the solution using the mixed-out average. Here the overall error is less than 0.1 percent and there are practically no errors at the averaging planes. Although the mixed-out average gave better mass conservation than the kinetic energy average, no other obvious differences between the two solutions were found. Other cases at higher speeds or closer spacings may show bigger differences between the schemes. In the remainder of this section only results using the original kinetic energy average are shown. Endwall pressure measurements that have been averaged between the hub and tip are shown by large circles. Note that the measured exit static pressure ratio of 0.65 was set as the exit boundary condition for the computations. The agreement between the computed and measured average pressures between the blade rows is very good. 6
The addition of averaging-plane capability allows the SWIFT code to be used to analyze multistage turbomachinery efficiently.
The method gives consistent spanwise solutions between blade rows that are difficult to obtain with successive analysis of isolated blade rows.
7 The averaging-plane method ignores physical processes such as wake mixing and migration, acoustic interaction, and other unsteady effects that may be important in real turbomachinery. The relative importance of these processes is unknown, and is likely to be highly case dependent.
